In this paper, a new computational algorithm called the "Improved Bernoulli sub-equation function method" has been proposed. This algorithm is based on the Bernoulli Sub-ODE method. Firstly, the nonlinear evaluation equations used for representing various physical phenomena are converted into ordinary di erential equations by using various wave transformations. In this way, nonlinearity is preserved and represent nonlinear physical problems. The nonlinearity of physical problems together with the derivations is seen as the secret key to solve the general structure of problems. The proposed analytical schema, which is newly submitted to the literature, has been expressed comprehensively in this paper. The analytical solutions, application results, and comparisons are presented by plotting the two and three dimensional surfaces of analytical solutions obtained by using the methods proposed for some important nonlinear physical problems. Finally, a conclusion has been presented by mentioning the important discoveries in this study.
Introduction
With the rapid development of computer programming and associated technologies, studies on the nonlinear sciences and applications have become an important eld amongst scientists and engineers. Investigations into nonlinear phenomena provides a better physical understanding of problems [1] [2] [3] .
B. Zheng has applied the generalized Bernoulli sub-ODE method to the general Gardner equation for observing travelling wave solutions [4] . X.F. Yang, Z.C. Deng and Y. Wei have proposed a new modi ed method called the Riccati-Bernoulli equation method which is based on the Bernoulli and Riccati equations [5] . They have successfully applied this method to the Eckhaus equation, the nonlinear fractional Klein-Gordon equation, the generalized Ostrovsky equation, and the generalized ZakharovKuznetsov-Burgers (ZK-Burgers) equation [5] . A. Salam, S. Uddin and P. Dey have used the generalized Bernoulli sub-ODE method to solve the Phi-four equation and BenneyLuke equation analytically [6] .
In the current work, we have constructed a new IB-SEFM by extending the trial equation solution of the Bernoulli sub-ODE method. The validity of the improved method has been observed by applying the nonlinear Schrodinger equation, (1+1)-dimensional nonlinear dispersive modi ed Benjamin-Bona-Mahony equation and the nonlinear (2+1)-dimensional cubic Klein-Gordon equation. Therefore, our main aim is to verify if the newly improved method is a powerful tool for solving various di erential equations. Thus, we consider the various di erential equations as detailed below.
Firstly, we take into consideration the nonlinear Schrodinger equation (NSE) de ned as following [7] :
where u is complex wave function and ρ is a constant. The NSE appears in hydrodynamics, nonlinear optics, nonlinear acoustics, quantum condensates, heat pulses in solids and various other nonlinear instability phenom- [8] .
The second problem considered in this study is the (1+1)-dimensional nonlinear dispersive modi ed Benjamin-Bona-Mahony equation (NDMBBME) de ned in the following manner [9] :
where α is both a real constant and non-zero. This equation describes the uni-directional propagation of smallamplitude long waves on the surface of water in a channel along with hydromagnetic and acoustic waves [10] . Finally, another partial di erential equation considered in this manuscript is the nonlinear (2+1)-dimensional cubic Klein-Gordon equation (cKGE) being de ned by:
where α and β are both non-zero and constants [11] . This cKGE has been investigated in terms of its behavior over long time periods and some important properties have been deduced [12] .
General facts of approach improved
IBSEFM has been formed by extending the Bernoulli subequation function method [13] and this will be given in this sub-section. Therefore, we consider the following:
Step 1. We consider the following partial di erential
and take the wave transformation
where k and c are constants which can be determined later. By substituting Equation (5) into Equation (4), a nonlinear ordinary di erential equation (NODE) is converted as following: 
. (7) According to the Bernoulli theory, F
where F(η) is a Bernoulli di erential polynomial and
Substituting the above relations into Equation (6), it yields us an equation of poly-
According to the balance principle, we can obtain the values of n, m and M.
Step 3. Let the coe cients of Ω(F(η)) all be zero. The following a system of equations will result:
By solving this system, we will thus determine the values of a , a , · · · , an and b , b , · · · , bm.
Step 4. When we solve the nonlinear Bernoulli di erential equation Equation (8), we obtain two cases (according to b and d situations) as follows:
and
where b = d, and E ∈ R. Using a complete discrimination system for polynomial of F(η) , we solve Equation (10) with the help of Mathematica 9 and classify the exact solutions to Equation (6) . For better interpretations of results obtained in this way, we can plot two and three dimensional gures of the solutions obtained by using suitable parameters.
Implementations of proposed method
In this subsection, we provide some experimental results to illustrate the performance of the proposed analytical algorithm.
Example-1 First of all, if we perform a transformation
on Equation (1) [7] in the following manner;
where α, k and β are both constants and non-zero, we obtain the nonlinear ordinary di erential equation:
When we reconsider Equation (7) and Equation (8), and account for the balance principle, we obtain the following relationship for m, n and M;
The resolution procedure is applied and we obtain the following results: Case 1: If we take M = n = and m = in Equation (15), then, we can write following equations:
where
. . ., where
When we use Equations (16), (18) in Equation (14), we get a system of equations from the coe cients of polynomial of F . By solving this system of equations with the help of Wolfram Mathematica 9, it yields us the following coe cients:
substituting Equation (19) coe cients into Equation (16), we obtain the complex exponential function solution to NSE in the following form:
, (20) where
we can consider another coecients as follows:
Substituting Equation (21) coe cients into Equation (16), we obtain a complex hyperbolic function solution to the NSE in the following form:
Another of the other coe cients obtained by using Wolfram Mathematica 9, for b = d, can be considered in the following manner:
By substituting these coe cients in Equation (16), we obtain another complex hyperbolic function solution to the NSE in the following manner:
having f (x, t) = − bk(x + αt). Case 1d. Further coe cients obtained by using Wolfram Mathematica 9, for b = d, can be written in the following manner: 
, β = , − < x < , − < t < for 2D graphics and t = .
for 1D surfaces , k = − . , β = , − < x < , − < t < for 2D graphics and t = .
for 1D surfaces By substituting these coe cients into Equation(16), we obtain another complex exponential function solution to the NSE in the form: (24), (26) obtained by using IBSEFM in this paper for NSE [7] are new complex hyperbolic and exponential function solutions. When we compare these analytical solutions with analytical solutions obtained by Xiusen Li and Bin Zheng via using the Bernoulli Sub-ODE method [7] , these analytical solutions have demonstrated that they have veri ed the NSE. These exponential and hyperbolic function solutions and Figure 1 Example-2 Let's consider obtaining some new travelling wave solutions to the NDMBBME [9] . We perform the transformation u(x, t) = u(η) and η = x − wt where w is both non-zero and constant. The result of this transformation can be written as follows:
(27) Taking the u t , ux and uxxx in the Equation (2) and by integrating with respect to η and setting the integration constant to zero, we obtain the nonlinear ordinary di erential equation for Equation (2):
When we rearrange Equation (7) and Equation (8), with the help of the balance principle, we obtain the term for suitability: 
When we use Equations (30), (32) in Equation (28), we obtain a system of equations from the coe cients of polynomial of F. By solving this system of equations with the help of Wolfram Mathematica 9, we determine the following coe cients.
Case 1a
Inputting these coe cients into Equation (30), we obtain the new rational exponential function solution to NDMBBME in the following form:
where b, E, α and d are constants. Case 1b If it is assumed that b = d in Equation(33), we nd following coe cients;
When these coe cients are used in Equation(30), it provides another new exponential function solution to NDMBBME in the following form:
where E, α and d are constants. Case 2 Another of the coe cients obtained by using Wolfram Mathematica 9 can be considered in the following manner for b = d; , b = , − < x < , − < t < for 2D graphics and t = .
for 1D surfaces Setting coe cients of Equation (37) in Equation (30), this gives us the new hyperbolic function solution to NDMBBME in the following form: 
When we use these coe cients in Equation (30), we obtain another new hyperbolic function solution to NDMBBME in the following form:
Remark-2.The analytical solutions Equations (34), (36), (38), (40) obtained by using IBSEFM in this paper for DMBBME [9] are new exponential and hyperbolic function solutions, when compared with the analytical solutions obtained by Khan et al. via the developed modi ed simple equation (DMSE) method [9] . These exponential and hyperbolic function solutions and Example-3 Let us consider Equation (3), for the sake of application, when we apply the transformation u(x, y, t) = u(η) and η = k(x + y − ct) to the Equation (3) where c, k are both constants and non-zero, we obtain NODE for Equation(3) as the following manner:
When we rearrange the Equations (7), (8) accounting the balance principle, we obtain the following term:
This resolution procedure gives us di erent coe cients as follows: Case 1: If we take as M = n = and m = in Equation (42), then, we can write the following equations:
. . . where
When we use Equations (43), (45) in Equation (41), we get a system of algebraic equations from coe cients of polynomial of F.By solving this system of equations with the help of Wolfram Mathematica 9, we nd the following coe cients.
Case 1a:
By setting these coe cients into Equation (43), we obtain a new complex exponential function solution to cKGE in the following form: Case 1b: When the coe cients of Equation (46) for b = d is rewritten, we obtain:
By setting these coe cients in Equation (43), we obtain the new complex hyperbolic function solution to cKGE in the following form: for 1D surfaces. , α = , β = , y = . , − < x < , − < t < for 2D graphics and t = .
for 1D surfaces. , α = , β = , y = . , − < x < , − < t < for 2D graphics and t = .
for 1D surfaces. 
When we use these coe cients in Equation (43), we obtain the another new complex hyperbolic function solution to the cKGE in the following form: 
Remark-3. The analytical solutions Equations (47), (49), (51) obtained by using IBSEFM in this paper for cKGE [11] are new complex hyperbolic function and exponential function solutions, when we compare these analytical solutions with analytical solutions obtained by Khan K. et al. via using the modi ed simple equation (MSE) method [11] . These analytical solutions have been shown to have veri ed cKGE. These exponential and hyperbolic function solutions and Figure 9 , Figure 10 and Figure 11 have been formed via commercial Wolfram Mathematica 9. The results constitute new exponential and hyperbolic function solutions.
Conclusions
In this paper, IBSEFM which can give a number of different analytical solutions has been successfully applied to nd the analytical solutions of the NSE, NDMBBME, and cKGE. The exponential, hyperbolic and complex function solutions have been obtained by using newly formed schema by modifying the Bernoulli Sub-ODE method. All analytical solutions obtained by the help of IBSEFM has controlled whether they are veri ed against the NSE, NDMBBME, and cKGE with the aid of commercial software Wolfram Mathematica 9, and, all new solutions have veried to these equations. As mentioned in Remark 1, Remark 2 and Remark 3, some of these analytical solutions are new exact solutions for the NSE, NDMBBME, and cKGE. When we review Figure 1, Figure 2 , Figure 3 and Figure 4 for physical interpretation, they provide information about di erent interpretations such as small-amplitude gravity waves on the surface of deep inviscid (zero-viscosity) water, the Langmuir waves in hot plasmas; the propagation of planedi racted wave beams in the focusing regions of the ionosphere, the propagation of Davydov's alpha-helix solitons, which are responsible for energy transport along molecular chains and many others. Figure 5 , Figure 6 , Figure 7 and Figure 8 represent modeling long surface gravity waves of small amplitude-propagating uni-directionally. Figure 9 , Figure 10 and Figure 11 demonstrate the quantum wideness for nding a point particle in various places, the relativistic wave function.
Therefore, when we look at the analytical solutions and all gures, it is worth declaring that this method can also be performed to other nonlinear di erential equations.
